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Abstract 

We construct new examples of self-similar solutions and translating 
solitons for Lagrangian mean curvature flow by extending the method 
of Joyce, Lee and Tsui [3]. Those examples include examples in which 
the Lagrangian angle is arbitrarily small as the examples of Joyce, Lee 
and Tsui [3]. 

1 Introduction 

In recent years the Lagrangian mean curvature flow has been extensively 
studied, as it is a key ingredient in the Strominger-Yau-Zaslow Conjecture 
and Thomas- Yau Conjecture. Strominger-Yau-Zaslow Conjecture explains 
Mirror Symmetry of Calabi-Yau 3- folds. In Joyce, Lee and Tsui [3], many 
examples of seh-similar solutions and translating sohtons for Lagrangian 
mean curvature flow are constructed. Those Lagrangian submanifold L are 
the total space of a 1-parameter family of quadrics Qs, s £ I, where I is 
an open interval in M. In this paper, we construct new examples of those 
Lagrangian submanifolds that link up with the examples of Lagrangian sub- 
manifolds given in [Ij, p], [3], [3] and so on. To do so we improve theorems 
in [3] by describing Lagrangian submanifolds of the forms of Ansatz 3.1 and 
Ansatz 3.3 in [3]. 
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Let L be a Lagrangian submanifold in C". Define a function c : L — t- C 
by the relation that 

dzi A • • • A dzn\L = c • voIl 

where voIl is the volume form of L. Then |c| = 1 holds. So we can define 
Lagrangian angle 0:L— )-Ror0:L— )• M/27rZ by the relation that 

dzi A • • • A dzn\L = e*^volL. 
On a Lagrangian submanifold L in C", the mean curvature vector H is given 

by 

H = jve, (1) 

where V is the gradient on L and J is the standard complex structure in 
C". The proof of ([U is given in [5]. 

Definition 1.1. Let L C be a submanifold in R^. L is called a self- 
similar solution \i H = aF^ on L for some constant a G M, where F-^ is the 
orthogonal projection of the position vector F in MJ^ to the normal bundle 
of L, and H is the mean curvature vector of L in M^. It is called a self- 
shrinker if q < and a self- expander if c > 0. On the other hand L C 
is called a translating soliton if there exists a constant vector T in such 
that H = T^, where is the orthogonal projection of the constant vector 
T in M'^ to the normal bundle of L and H is the mean curvature vector of 
L in M.^ . We call T a translating vector. 

It is well-known that if F is a self-similar solution then Ft = ^2atF is 
moved by the mean curvature flow, and if is a translating soliton then 
Ft = F -\-tT \s also moved by the mean curvature flow. 

First we consider self-similar solutions. 

Theorem 1.2. Let B, C, Xi, ■ ■ ■ , Xn G M - {0}, E > 1, ai, • • • , a„ > 

0, and a,^^Jl,■■■ jipn G ^ be constants. Let I C M be a connected open 
neighborhood o/ G M such that £^{11^1 + 2afc5Afcs)}e2^°^ - 1 and 
l/ttj + 2XjBs are positive for any j £ {I,-- - ,n} and any s G I. Define 
ri,- ■ ■ ,rn : L ^ R by 

r,- = . — + 2XiBs. 
Define (pi, - ■ ■ ,4>n ■ I ^ ^ by 

+ 2XjBt)^E{Uk=ii^ + 2afci?Afct)}e2S"t - 1 
Then the submanifold L in C" given by 

n 

L = {(xiri(s)e*<^^W, • • • ,x„r„(s)e*<^"W)| ^ X,x] = C,xj G M, s G /} 
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is an immersed Lagrangian submanifold, and its position vector F and mean 
curvature vector H satisfy CH = aF^ . 



Remark 1.2.1. In the situation of Theorem 11.21 Ist I' C / be a subinterval 
such that rj has positive lower and upper bounds. Put a 7^ 0, n > 2, Aj > 
for 1 < J < A: < n and \j < for A; < j < n where A: is a positive integer 
less than n. Let t G M be a constant. Define 

n 

Lt = {(xiri(s)e^'^iW,--- ,x„r„(s)e^'^"W)| ^A,-:e| = 2at,x, e M, s G /'}. 

The fact that the varifold Ut L^, —00 < t < 00, forms an eternal solution for 
Brakke flow without mass loss is proved similarly to Lee and Wang [1]. So 
see Lee and Wang [4J . By Theorem 11.21 Lt is a Lagrangian self-shrinker if 
t < 0, a Lagrangian self-expander if t > 0, and a Lagrangian cone if t = 0. 

Theorem 1.3. Let aj > , tpj G W,@E > 1, and a > be constants. 
Define rj{s) :R^R by rj{s) = J}- + s^. Define (l)j{s) :R^R by 



H^) =^j+ , ' ' dt. (2) 

{X + t^)jE{m^,il + a,t^)}e-^'-l 



Then the submanifold L in C" given by 

n 

L = {{xiri{s)e''t"^'\ ■ ■ ■ , x„r„(s)e^'^"W)| ^ = 1, Xj G M, s G M, s / 0} 

is an immersed Lagrangian diffeomorphic to {R—{0})xS^~^, and its position 
vector F and mean curvature vector H satisfy H = aF-^ . 

Remark 1.3.1. The manifold obtained as lim£;^i+o L is the same as Theorem 
C in [3j . So the condition s 7^ on the definition of L is not necessary if 
E = 1. If we put E = 1 then changing 1— >• —00 in the integral of ([2]) gives 
the example of 0. 

Remark 1.3.2. Define c^i, • • • , > by 

1^1 dt. 



ii + t')^E{Ul=^{l + akt^)}e-^'-l 

We put Q > 0. From the proof of Theorem 11.31 and ([6|) in § [2] the Lagrangian 
angle 6 satisfies 

9 = 'S^ (pj + arg(s + i — ^ ^ ^) and 

A —a\s\ 
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It follows that 9 is strictly decreasing. We define the submanifold Li C L 
by restricting s > and L2 C L by restricting s < 0. Therefore we have 
L = L1UL2. We rewrite 9i, 62 as the Lagrangian angle of Li, L2 respectively. 
Then lim^^+oo 6*1(5) < Oi{s) < lims^o+o 0i{s) and liuis^o-o 92{s) < 
^2(5) < lims_j._oo ^2('S). So from the first equation of ^ we have 

Y^^^ + Y, h < ^1 < 5^ + tan-^ ^^^i_ 



and 



^ + TT - tan ^ r^—^ < ^2 < X] + ^ - ' 

3 3 3 



Therefore by choosing tan^"'^(l/\/£' — 1) close to 0, that is, choosing E close 
to 00, the oscillation of the Lagrangian angle of ^1,^2 can be made arbi- 
trarily small. Furthermore $ : (ai,--- ,a„) 1— )• (i^i,--- ,0n) gives a diffeo- 
morphism 

$ : (0, 00)" ^ {(<^i, • • • , <A„) G (0, tan-i-^^==)"| < < 

j 

-1 1 . 
tan \. 

We can prove that $ is a diffeomorphism similarly to the proof of Theorem 
D in [3] . So we omit the proof. Therefore by choosing 0^ close to 
ianT^^ {\ / \/ E — 1), the oscillation of the Lagrangian angle of Li,L2 can also 
be made arbitrarily small. 

Remark 1.3.3. If we put B = 1/2, C = Ai = • • • = A„ = 1, a > in the 
situation of Theorem 11.21 then L is the same as L in Theorem 11.31 where 
s > 0. 

Next we turn to translating solitons. 

Theorem 1.4. Let B, Ai, • • • , A„_i G M - {0}, E > I, ai, • • • , a„-i > 0, 

and a, Vi; ■ ■ ■ , V'n-i G M, K G C 6e constants. Let I C ^ be a connected 
open neighborhood 0/ G M such that E{Y\^~1{1 + 2akB Xks)}e'^^°'^ — 1 and 
l/cLj + 2XjBs are positive for any j G {1, • • • , n — 1} and any s G /. Define 
n, • • • ,r„_i : I by 




Define (pi, - ■ ■ , (pn-i : / — )■ M 6y 



— 



+ I --dt. 

+ 2X,Bt)JE{U^,zl{l + 2afci?Afct)}e2^"* - 1 
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Then the submanifold L in C" given by 

n-l 

2 



^ n—l 

L = {(xiri(s)e*'^iW, • • • , x„_ir„_i(s)e*'^"-i(^), -- J] Xjx] + Bs+ 



dt 

i\B\ + K)\xi,--- ,Xn-i £ M,s £ /} 

V^{re=!(l + 2afci3A,t)}e2S-*-l 

is an immersed Lagrangian submanifold, and its mean curvature vector H 
satisfy H = T^ where T = (0, • • • , 0, a) G C". 

Theorem 1.5. Let oi,--- ,a„_i > , ipi,-" ,''Pn~i £ ^,@E > 1, and 
a > be constants. Define rj{s) : M — )• M 6t/ rj{s) = ^ ^ + s^. Define 
(t>j{s) -.R-^R by 

M^) = ^3 + r , dt. 

^0 (J-+t2) /^|nn-l(^^^^,^2)|,«t^_l 



T/zen the submanifold L in C" given by 

n-l 

2 



n-l 



;/ , ^^^'^^ =)\xi--- ,Xn-ieR,seR,s^O} 



zs an immersed Lagrangian diffeomorphic to (M— {0}) xM" ^ , and its mean 
curvature vector H satisfy H = where T = (0, • • • , 0, a) G C". 

Remark 1.5.1. If we put -01 = • • • = ■(/'n-i = then the manifold obtained 
as \\mE-^i+Q L is the same as Theorem G in [3] . So the condition s 7^ on 
the definition of L is not necessary if ii^ = 1. 

Remark 1.5.2. We define the submanifold Li C -L by restricting s > and 
L2 C 1/ by restricting s < 0. Similarly to Remark 11.3.21 if we fix a > then 
by choosing the parameters ai, • • • , o„ > or ii^ > 1, the oscillation of the 
Lagrangian angle of Li,L2 can be made arbitrarily small. 

Remark 1.5.3. If we put B = 1/2, Xi = ■ ■ ■ = A„_i = 1, K = 0, a > in 
the situation of Theorem 11.41 then L is the same as L in Theorem 11.51 where 
s > 0. 
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2 Proofs for self-similar solutions 

In order to prove Theorem 11.21 and Theorem 11.31 we use the following The- 
orem 12.11 and Theorem 12.31 that are a slight generalization of Theorem A 
and Theorem B in [3J. The following Theorem 12.11 sets up the ordinary 
differential equations for immersed Lagrangian submanifolds diffeorphic to 
^1 X ^m-i ^ j^n-m qj. M X S"^'^ X M""™ where 1 < m < n. 

Theorem 2.1. Let I cM be an open interval. Let Ai, • • • , A„,, C G M — {0} 
be constants, and wi, • • • , cj„ : / — )• C — {0} and /:/—)• C — {0} be smooth 
functions. Suppose that 

dujj Xjf . ^ 

-7^ = ^, J = !,•••, n 4 

as ujj 

hold in I. Then the submanifold L in C" given by 

n 

L = {{xiuiis), ■ ■ ■ ,x„w„(s))| ^ Xjx'j = C,Xj G M, s G /} (5) 

is a Lagrangian submanifold in C", with Lagrangian angle 

9{s) = arg{uji- ■ -ujnf) (6) 

at {xiu)i{s), ■ ■ ■ ,XnU}nis)) £ L, SO 9 is a function depending only on s, not 
on xi, - ■ ■ ,Xn- Further we have 

and 

Clm{f)_/d_ 



\ as ' a. 

Remark 2.1.1. A direct calculation shows that 

^ds'ds' ^ |u;,f ■ 

Remark 2.1.2. Let : I — )• M be a function satisfying 

d^ ^ , jS . 

— = -alm(e uji---ujn)- 
as 

Put 

/ = e Ldi---UJn- 

Then it is proved in [3] that L is a Lagrangian submanifold and L is a 
self-similar solution. This is Theorem A in 
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Corollary 2.2. Let I cM. be an open interval. Let Ai, • • • , A„,, C G M — {0} 

be constants, and wi, • • • , : / — t- C — {0} and / : / — t- C — {0} be smooth 
functions. Suppose that 

dujj Xjf . 
-T- = — ' J = !>••• ,n 
as coj 

and ^ 

— arg(a;i • • • tOnf) = -alm(/) 
as 

hold in I. Then the submanifold Lq in C" given by 

n 

Lc = {{xiuJi{s), ■ ■ ■ ,x„.a;„.(s))| AjX^ = C,Xj G M, s G /} 

i=i 

is a Lagrangian submanifold in C", and its position vector F and mean 
curvature vector H satisfy CH = aF^. Moreover, If \uij\ has positive lower 
and upper bounds and a G M — {0}, n > 2, Xj > for 1 < j < k < n and 
Xj < for k < j < n where k is a positive integer less than n then the 
varifold UtL2at, —oo < t < oo, forms an eternal solution for Brakke flow 
without mass loss. The fact is proved similarly to Lee and Wang I4l- Then 
L2at is a Lagrangian self-shrinker if t < 0, a Lagrangian self-expander if 
t > 0, and a Lagrangian cone if t = 0. 

The following Theorem 12.31 gives the solution to ordinary deferential 
equations in Theorem 12.11 



Theorem 2.3. In the situation of Theorem \2.1\ write uoj := rje^'^^ , for 
functions ri, • • • , r„ : / — )• (0, oo), (/>i, • • • , : / — )• M. Fix sq G /. Define 
u: I by 

u{s) -.= 2 f Re(/(t))dt. 

J sa 



Then we have 



Xj Im(/(t)) 



r] = a, + A,n, ^, = V', + J^^ ^^-^^f, 
with aj = r|(so), tpj = 4>j{so). 

Remark 2.3.1. Thus if / is explicitly given, the ordinary differential equation 
dl]) is solved by Theorem 12.31 

Proof of Theorem \2.1l If we set 



-^(C - AiXi^ Xn-lXn-l"^), 

An 
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then (xi, • • • , Xn-i, s) is a coordinate of L. With this coordinate we have 

{dzi A dzi H h dzn A dzn)\L 

=(a;idxi + xiLOids) A {uJidxi + xiUJids) + • • • + 



(a;„_lda;„_i + Xn-lUJn-lds) A (Un-ldXn-l + Xn-lUJn-l<is)+ 



^nXr; 



-iAjndxn-1 + a;„a;„ds)A 



(-- UJndXi 

, Aixi 

(-- LOndXi 

=21iai{xiUJi6ji)dxi A ds + • • • + 2Im(x„_ia;„_itj„_i)dx„_i A ds 



— a;„dx„_i + XnUJnds) 



Ai 



An- 



+ 2Im(— — xia;„w„)dxi A ds + • • • + 2Im( — x„_ia;„cj„)dxn-i A ds 



A. 



An 



=0, 
and 



dzi A • • • A dzn\L 

(jJi 









XlUJl 



dx\ A ■ ■ ■ A dx„_i A ds 



(Z^ ,. A • • • A dx„_i A ds 



'3 
2^2 



An^^n 



dxi A • • • A dx„_i A ds. 



It follows that L is a nonsingular immersed Lagrangian, with Lagrangian 
angle 

e{s) = arg(a;i • • • Wn/) 



at (xict;i(s), • • • ,x„a;„(s)). Since 



and 



de = Ms, 



d_ _d_ 
ds ' 5x, 



A 'X ' 

) = ((xia;i(s),--- ,x„d;„(s)),(0, ••• ,0,a;j,0, ••• ,0, --^Wn)) 



'Rje{xjUJjUJj — --^Xja;„a;„) 

An 

Xj AjRe(/ - /) 




An^n 
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for any 1 < j < n — 1, it follows that 

v« 

\ ds ' d. 

Therefore we obtain 



The normal projection of the position vector F is computed by 

{F,J-^) = {{xiUJi, • • • ,XnUJn),iiO, • • • , 0, , 0, • • • ,0, -^^UJn)) 

= 0, 

and 

d 

{F,J—) = {{xiui, • • • ,x„a;„),i(xia;i(s), • • • ,x„tj„(s))) 

OS 

= Re(^^ ^i^'^ ■ ^'^j) 
= -CIm(/). 

It follows that 

CIm(/)^/5_ 



This completes the proof of Theorem 12.11 □ 
Proof of Theorem \2.3l Since we have 



we obtain 
So we have 



'J 

By our assumption we have 



A,- Re/ 

r,- — 



This is equivalent to 



Then we have 

Aj Re(/) ^ , ■ A,-/ 
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Then 

. _ A, Im(/) 
aj + AjU 

Therefore 

r A,- Im(/(t)) , 

J so «i + -^i^W 

This completes the proof of Theorem 12.31 □ 
Prom Theorem 12.11 if = — Qlm(/) then L is a self-similar solution. 
From Theorem 12.31 and 9 = — alm(/) is equivalent to 

y ^^y) ^ + -iarg(/) = -alm(/). (7) 

Y + 2A, Re(/)di ds ^^^^ 

Therefore if ([7]) holds then L is a self-similar solution. So we can get self- 
similar solutions by getting solutions of ([7]) . For example if we put f = i then 
/ is a solution of ([7]). In this case if we put ai = • • • = a^, = 0, Ai, • • • , A^ G 
Z — {0} then the construction reduces to that of Lee and Wang [3]. 

Proof of Theorem Define Wj : / — )• C — {0} by Wj = rjC^"^^. Define 
/ : / ^ C - {0} by _ 

^ A, ■ 

A direct calculation shows that 
f = B + ^ 



\/^{nLi(l + 2afcSAfcs)}e2S"- - 1 

Then / 7^ in /. Apply Theorem 2.1 to the data coj, f above. Then we get 
a Lagrangian submanifold L defined by ([5]). A direct calculation shows that 
/ satisfies dTj). So this completes the proof. □ 
Proof of TheoremlTM Put / = M>o or / = M<o. Define ujiI^C- {0} 
by LOj = rje^'^J. Define / : / ^ C - {0} by 

f = UjJUJj. 

A direct calculation shows that 
f = s + 



Then / 7^ in /. Apply Theorem 2.1 to the data coj, f above and Ai = • • • = 
A,i = C = 1. Then we get a Lagrangian submanifold L defined by ([S]). A 
direct calculation shows that / satisfies ([7]) . So this completes the proof. □ 
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3 Proofs for translating solitons 

In order to prove Theorem 11.41 and Theorem 11.51 we use the following The- 
orem 13.11 and Corollary 13.21 that are a slight generalization of Theorem A 
and Theorem B in [3j. The following Theorem 13.11 sets up the ordinary 
differential equations for immersed Lagrangian submanifolds diffeorphic to 



Theorem 3.1. Fix n > 2. Let Ai,--- ,A„_i G IR\{0} and a e M be con- 
stants, I be an open interval in M, and loi,--- ,a;„_i : I — )• C\{0} and 
/3 : / — 7- C be smooth functions. Suppose that 



dujj Xj d/3 

ds Uj ds 

and 

ds 

hold in I. Then the submanifold L in C" given by 

n-1 

2 



(8) 



L = {{xiUJiis), ■ ■ ■ ,Xn-lUJn-l{s), -^ '^^'jx'j + /3{s))\ 

Xi,--- ,Xn-l G M, s G /} 



(9) 



is an immersed Lagrangian submanifolds difjeomorphic to M", with La- 
grangian angle 

eis) = arg{LOi---uJn-i$). (10) 



Further we have 



and 



, _ -«Im(/3) fd_ 

where T = (0, • • • , 0, a) G C" is a constant vector. 
Remark 3.1.1. A direct calculation shows that 

j = l ■!< j = l 

Remark 3.1.2. Let : / — )• M be a function satisfying 

T / if) \ 

— = -alm(e loi ■ ■ ■ Un-i). 
ds 
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Suppose that 

d/3 

— = e UJi---UJn-l- 

as 

hold in /. Then it is proved in ^ that L is a Lagrangian submanifold and 
L is a translating soliton with translating vector (0, • • • , 0, a) S C". This is 
Theorem G in [3]. 

The following Corollary 13.21 gives the solution to ordinary deferential 
equations in Theorem 13.11 

Corollary 3.2. In the situation of Theorem \3.1l write coj := r^e*'^-'', for 
functions ri, • • • , r„_i : / — )• (0, oo), (pi, - • • , (pn~i : / — K- Define u : I — )■ M 
by 

u{s) -.= 2 f Re(/3(t))dt. 

J so 

Then we have 

r^-a, + X,u, ^j-i^, + J^^ a,+XMt) 
with aj = r|(so), tpj = 4>j{so)- 

Remark 3.2.1. Thus if /? is explicitly given, the ordinary differential equation 
([5]) is solved by Theorem 13. 2[ 

Proof of Theorem \3.1{ We consider the map 

i : M"'i X / ^ C" 

given by 

^ n—l 

i{{xi,--- = {xiuji{s),- ■ ■ ,x„_itJ„__i(s),-^Ajx| + /3(s)). 

i=i 

Then we have L = x /). So (xi,--- ,Xn-i,s) is a coordinate of L. 

With this coordinate we have 

(dzi A dzi H h dzn A dz„)|L 

= {ijjidxi + xiCjids) A (cZ^rdxi + xiCoids) + • • • + 
(a;„_idx„_i + Un-ids) A (av;ZIda;„_i + x„_,ia;„_ids) 
+ (-Aixidxi A„_ix„_idxn_i + /3(s)ds) 

A (-Aixidxi - • • • - A„_ia:;„_ida;„_i + /3(s)ds) 
=2iIm(xiCJicji)dxi A ds + • • • + 2ilm(x„_ia;„_itj„_i)dx„_i A ds 

— 2iIm(AiXi/3)dxi A ds — • • • — 2iIm(A„_ix„_i/3)dx„_i A ds 
=0 



12 



and 

dzi A • • • A dzn\L 
={coidxi + XiOJids) A • • • A (a;„_idx„_i + x„_ia;„_ids)A 

(-AiXidxi Xn-lXn-ldXn-l + Pds) 



=wi • • • a;„_i^(l + ^ -p^jdxi A • • • A dx„_i A ds. 



It follows that L is a nonsingular immersed Lagrangian, with Lagrangian 
angle 

Since 

ds ' dxj 

=((xia;i(s),--- ,x„_ia;„_i(s),/3),(0, ••• ,0,Uj,0,--- ,0,-AjXj)) 

=Re(cDJXja;j — XjXj$) 

=0, 

and d^ = Ms, it follows that 



Therefore we obtain 

d 



The normal projection of the position vector F is computed by 

<^-^^) 

=((0,--- ,0,a),z(0,--- ,0,u;,-,0,--- ,0,-A,x,)) 
=0 

and 

d 

{T,J—)={{0,--- ,0,a),l{xiUi{s),--- ,Xn-lUJn-l{s),P)) 

=Re{ai$) 
= -alm{P). 

It follows that 

, ^ aIm(/3) / 5_ 
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This completes the proof of Theorem 13.11 □ 
As the proof of Theorem G in [3] there is an another proof of Theorem 

13.11 which obtains Theorem 13.11 from Theorem 12.11 by a hmiting procedure. 

See Joyce, Lee and tsui [3]. 

Proof of Corollary \3.2l Changing / to /3 in the proof of Theorem 12.31 

gives the proof of Corohary 13.21 □ 
From Theorem 13.11 if ^ = — aIm(/3) then L is a translating soliton with 

translating vector T = (0, • • • ,0,a) E C". From Theorem 13.21 and (jlOp . 

6 = — aIm(/3) is equivalent to 

" ^ X,lm{$) d ^ ^ -alui0). (11) 

^tta.+2A,/;^Re(/3)dt ds 

Therefore if (|11|) holds then L is a translating soliton with translating vector 
r = (O,--- ,0,a) e C". 

Proof of Theorem \1.4\ Define loj : / — )• C — {0} by coj = rje^'^^. Define 
/3 : / ^ C - {0} by 

$ = and /3(0) = -K. 

A direct calculation shows that 



/3(s)= / {B + i )ds + K. 

'E{UlZl{l + 2akBXks)}e^Bas_^ 

Then /3 7^ in /. Apply Theorem 13.11 to the data Wj,/3 above. Then we get 
a Lagrangian submanifold L defined by @ . A direct calculation shows that 
(3 satisfies ([TT]) . So this completes the proof. □ 
Proof of TheoremlTM Put / = R>o or I = M<o. Define uj : I ^C- {0} 
by Uj = rje'^^ . Define /? : / ^ C - {0} by 

$ = uJ-Uj and /3(0) = 0. 

A direct calculation shows that 

j3{s)= [ [s + i )ds. 

Then /3 / in /. Apply Theorem 13. II to the data Uj, f3 above and Ai = • • • = 
A„_i = 1. Then we get a Lagrangian submanifold L defined by d^]). A direct 
calculation shows that /? satisfies ([TT]) . So this completes the proof. □ 
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